To apply this to the prime gap problem, we need to have partial factorizations of p?1 and p+g?1. To do this, we proceed as follows: For a given even integer g, we select a and b to be the largest integers with 2 a ; 3 b < e g=4 . We select p 0 to be the least positive integer (mod 2 a 3 b ) as follows, by the Chinese Remainder Theorem: (1) if g 2 (mod 3); then p 0 1 (mod 2 a ) and p 0 + g 1 (mod 3 b ); if g 6 2 (mod 3); then p 0 1 (mod 3 b ) and p 0 + g 1 (mod 2 a ):
We need two cases, for, if g 2 (mod 3) and we select p 0 (mod 2 a 3 b ) such that p 0 1 (mod 3 b ) and p 0 + g 1 (mod 2 a ), then we would have that 3 divides p 0 + g. If we were to only select p 0 (mod 2 a 3 b ) such that p 0 1 (mod 2 a ) and p 0 + g 1 (mod 3 b ), then we would have that 3 divides p 0 when g 1 (mod 3).
Selecting p p 0 (mod 2 a 3 b ) with p < min ( The algorithm used to nd consecutive primes is as follows.
Step 1: Find p 0 , 2 a and 3 b as stated above.
Step 2: The numbers p that we will be testing are of the form p = p 0 + i2 a 3 b , as i runs from 1 to 10 6 . We do not actually want to put all of these numbers through the primality test, as some of them may be divisible by small primes. We will sieve these numbers out as follows: For each prime q up to 10 4 , if i is in either of the residue classes ?p 0 2 a 3 b (mod q) or ?p 0 ? g 2 a 3 b (mod q); then either p or p + g, respectively, will be divisible by q. So we will discard this value of i. The remaining i's we store in a table, which we call T 1 (g).
Step 3: For each value of i in T 1 (g), we use Theorem 1 to test if p = p 0 + i2 a 3 b is a prime. To do this, we start with a k = 2. If, along with the other hypotheses, conditions (i) and (ii) of Theorem 1 are met, we have a prime. If they are not satis ed, we let a k run through primes, up to the limit 255. If we reach this limit with no success in nding an a k , or proving p composite, then we give up trying to determine primality of this value p and move on to the next i in T 1 (g). There are three ways we will learn that p is composite from our algorithm: a k p?1 6 1 (mod p) 1 If we rst just assume that the primality of the two numbers n, n + g near x, randomly chosen, are independent events, then we would have
x log 2 x :
But we know these events are not independent, so we correct this argument by multiplying by the factor p , where !(p) is the number of solutions to n(n + g) 0 (mod p). Noting that !(p) = 2 unless p divides g, whence !(p) = 1, we obtain the stated conjecture (with some rearrangement).
Recall that in Step 2 of our algorithm, we did not want to put all of our numbers p through the primality test. So we sieved out the values of p which were divisible by primes up to 10 4 . We can thus make a further adjustment to our expected values to account for this, and we arrive at the following:
Heuristic. Knowing that the numbers n, n+g are not divisible by primes less than 10 4 , we have, assuming g < 10 4 , that the probability that n and n + g near x are both prime is We justify the heuristic as follows:
We previously had that the probability that n and n + g are both prime was In addition to the prime gap problem, the primality testing ideas of Brillhart, Lehmer and Selfridge can be applied to nd prime triples of the form 6m + 1, 12m ? 1, 12m + 1. Prime triples of this form will be used to complete the proof of the following theorem: Theorem 2. ? 2n n is divisible by the square of a prime p p n=5 for all n 2082.
Granville and Ramar e have veri ed this theorem for 2082 n 10 10 by using a direct consequence of Kummer's theorem, and for n 2 1617 by using bounds on exponential sums 8]. By using the following proposition, it becomes a practical computational problem to establish this theorem for 10 10 n 2 1617 .
Proposition. If m is a positive integer for which p = 6m + 1, q = 12m ? 1, and r = 12m + 1 are all prime, then at least one of p 2 ; q 2 ; r 2 divides ? 2n n , for each integer n in the interval 96m 2 ? 2m; 108m 2 + 3m ? 2], with the one exception, namely m = 1; n = 104.
The biggest di culty in applying this proposition is in primality proving. In general, when the integers involved are large, it is di cult to prove that p, q and r are all prime in a reasonable amount of time. However, since we have Theorem 1, we can construct the integers p, q and r in a speci c manner, to make primality testing easier.
To apply Theorem 1 in nding prime triples p, q, r as in the proposition, we Step 1: Find 2 a , 5 b and m 0 as stated above.
Step 2: The numbers p, q and r that we will be testing are of the form As with the prime pairs, we do not want to put all of these numbers through the primality test, since some of them may be divisible by small primes. We will sieve these numbers out as follows: Step 4: Once we have a prime triple 6m + 1, 12m ? 1, 12m + 1, we want to nd a new value, saym, so that the integers 6m+1, 12m?1, and 12m+1 are all prime and the intervals 96m 2 ? 2m; 108m 2 + 3m ? 2] and 96m 2 ? 2m; 108m 2 + 3m ? 2] overlap. We ndm in the following manner: We want 96m 2 < 108m 2 , so we needm p 108=96m = p 9=8m 1:06066m. So we will look form in the range 
